MIZEFE, REMABITICRH, RANEERT. PR —ELRENENEENR, URIERERNERESHT

NP-COMPLETENESS NP £ 14

Undecidable Problem

TR REE T AT SRR, Undecidable ProblemigiImt @ IBLE T iR1& 1T & AR ARAY B 7R
Example: Halting Problem

It is impossible for a compiler to detect all infinite loops. BT ERENE B S EEMAIEREIL

Proof: RIRTEE FEIXHE—NIEEIMEEIRZFF, BATWEBWTER, itttiAALoop(Loop)

void Loop( P )

{
if( F(P) )
return;
else
while (true); // FEMEIF

o {RiZF(Loop)INALoOPpZFEMEIR, MIfEMERRIL, [EEretun, REIEREIR;
o {RiXF(Loop)INALoopAZIEMEIF, Melsemsn, #HAILMEHF

HRZ MR REEFRTREN, Halting Problem R 2 ELALEEE R R MR—
Poly-Time Reductions Z IRz AT [E]1444

Introduction

‘ E v FTENTENP-Completenessal @i FEREIX MR, FINEL A

BRISHNMNE—TEZARTREABIX, HELAE—EAY, NRESNEENY QA ARSI NNSE + ST
ARER, BEANIFIRY is polynomial-time reducible to X, BEY <p X

Example: HCP & TSP

Suppose that we already know that the Hamiltonian cycle problem is NP-complete. Prove that the traveling salessnan
problem is NP-complete as well.

¢ Hamiltonian cycle problem: Given a graph G = (V, E) is there a simple cycle that visits all vertices?



* Traveling salesman problem: Given a complete graph G = (V, E), with edge costs, and an integer K, is there

a simple cycle that visits all vertices and has total cost < K?

BBITRTSPENPCH), BEFHHCP <p TCP, EHENESRIt— M 2HtRENs5f)ENG(V, E) —» G'(V/, E')
BOBREY: 7E—3KEIFFHHamitonI, EMTHZES—FDERER1, HIEZE LRATSPEE

The Class NP
fREEE RN

1. Deterministic Turing Machine: HEMERN. BXPIT—FIES, HEXFETWEITERIEOBE—AEN T —FIES
2. Nondeterministic Turing Machine: JEFREE RN, T—HAIMEBRESPERERE, ENPBHSTRARNGS
FEERIN KRS ERIEFERNID
NP

1. P: Polynomial Time, PILAFRHE B E RA/E Z I AT (Bl R ARIR

2. NP: Nondeterministic Polynomial Time, aH—PRIRIAIEERE, ABAEMHE RN T UAEZ A B AIE, ENFa
MRIEmEERRNES AN EAXE (P € NP)

3. NP-Complete: NPRREMEANRELE, HEM FF MG
o E—TNP[a#

o Any problem in NP can be polynomial reduced to it. FFENPE@RE A U Z MR MM LANE (FLFTANPC o S
FErERE)

4. NP-Hard: AERZENPEIER, FRANPIE)RERR] N Z I L4 ANPH|g) &R
P = NPII5?

BRIEFTAERPSNPRIX R, 2RP = NP, NAAENPREAE ZSHAEE; MRBATIALEINPCHZINIERE, FUATINIER
P=NP, T ELE/LTHRE, HNBUWFXRE:

NP-Hard

NP-Complete

NP-Hard

P = NP
= NP-Complete

Complexity

P # NP

Formal-Language Framework

Abstract Problem

An abstract problem @ is a binary relation on a set I of problem instances and a set S of problem solutions. 3% a]

A MEBIEEREREEN TS

Example: PPTEHNM M FELEST, BHEESEXRDCALTER, UKESEXEREEMEXMERTFA



1. Shortest-Path Problem
mA—1" BBl = {< G,u,v>:G = (V,E)}, Efgafl&Ru,veV
BMEHS = {< u,wi,wsy, ... WL, v >:< U, Wy >, < wWg,v >€ E}
NFE—1i € I, R/NERESP(i) =s€ S

2. Decision Path Problem

WS = 0,1, WREBREHEER, MERE, FNLEAO
HFS—i € I, BIEPATH(I) = 1or 0

Encoding

Map I into a binary string {0, 1}*. {18532 —101F5) 5

Language

H

RENEASHEXEFEHBFL, HTMENTLAZLHI

Alphabet Y : FBX, — M ERFHNES

Language L: FBX) FENFRHEES

Empty String €: =F/HH

Empty Language (): S=iEZ, FESEAFHENIES

Yo Y AR AREF M BIES (XE—NERNES, ENFHEAULREMS, BEIMFHENMREHRN)
Complementof L: L = Y" — L. th#i 2k LIS FEE T 8e#ILanguage

Concatenation of L; and Ly: L = {z1x2 : 1 € L1,z2 € Ly}

Kleene Star of Language L: L* = {¢} ULU L2 U L?U..., ERLFRRELEGELLR

Accept & Decide

BEPHS: WRA(x) =1, NEIMTAREEARZ TFRSHEr € {0,1}* (accept)
BRFRE: RZNRA(x) =0, HOWAREELTFHSBr (reject)
#RIES: LPAMEFHEHMARE

REIES: ARESLE—TFRBNES. BNAE, MRLPNES—TFRBEIMUKalgorithm AESZ, HEFRELH
HIFR B FrIBEM AELE, WIRLHAARE, Lisdecidedby A

P: SWAMEARENES

PE—1ES, OEMBREEREEEZIANBAdecideiEE., &R, REEZMANENdecidelNiEERTP

P ={L C{0,1}" : there exists an algorithm A that decides L in polynomial time} (1)

Verify

1.

2.
3.

Verification Algorithm & Certificate : Verification algorithmE — 4 2-argumentfi &%, EHep—1Hordinary input
sting ¢, B—"Hcertificate y

RIEFRE: NRBATHRA(z,y) = 1, MWiRalgorithm A verifies the input string x
WIRES (BUURE) @ MRIBSLREEAWIE, WEBSMATMEEEARITENFR S



L ={z €{0,1}" : there exists y € {0,1}" such that A(z,y) = 1} (2)
NP: fFfEcertificateF]IATEZ MM BAEIEES
MR FIES LPNES— P FREHITUE S TN B AR, WZESETNP
L ={x €{0,1}" : there exists a certificate y with |y| = O(|z|°) such that A(z,y) = 1} (3)
EAUIE WIS

1. Polynomial-Time Reducible: {IREFE—TZMAMN BRI f, EES L1FHNABEFRARENL AL FHFRIE, MIA
AL TAZIMAAEI L

A language L is polynomial-time reducible to a language Lo (L1 <p Ls) if there exists a polynomial-tfime
computable function f : {0,1}* — {0, 2}* such that forall z{0,1}*,z € L; <= f(z) € Ly

2. Reduction Function: 7572 f
3. Reduction Algorithm: BFit&A1E IS EE

NP-Complete: FRENPIESHAUZHMAMANE
S P FNPCHE NAEME XTI, TE2IER, BIFMESL C {0,1}* INP-complete, M:

e L € NP LEBHEFNP
e ' <p Lforevery L' € NP NPIEZAIIUZ XA NL

The Class Co-NP
EX
1. IBEEN: Complexity class co-NP is the set of languages L that L € NP, HEthLELiwMES, BIL = S —L

2. BIEEEN (PPTL&IR, MBS ENXF1T, EHBNIERERE) : Co-NPis the set of decision problems X such that
X e NP, HfiX(s) =1 < X(s5) =0

Co-NP5NPRYIFhX F

HMNHARBRENPSCo-NPHIX R, EE—RZWMEN, BIP C NP Nco-NP

NP=co-NP NPNco-NP
CP ) (P J

Example
SAT

Circuit Satisfiability Problem, 2&PEIEANNPCHIEIR, LEM/RBEE, 2EHESERLARNBADE (EEihEETE
REILE, BHBRE)



-

R AR AT DR BBEE , —5i, EA—n bitsiiA . 0501 . SEFRENT (n)WES, HaT sy
HANp(T(n))boEE, Ehp() h— SR EH

EFXR, HBAIFLEREEAERY € NP, #aAEHSAT
3-SAT
3-SATESATII— M6, MWH/REBE (RERM/RRAR) BNHEHRER (HPNTREATEEMEGE)
(xyVaaVas)A(zgVaesVag) Ao A(Tp2V T, 1V, (4)
Clique Problem & Vertex Cover Problem
BRI&E&Iclique problemANP-complete, iiEBRvertex cover problemtiNP-complete
¢ Clique Problem: %£E—"EEEG = (V, E)MI—8H K, RKEAGEEZEE—MEK M TANTE2TE (clique) ?
CLIQUE = {< G, K >: G is a graph with a clique of size K} (5)

* Vertex Cover Problem: AE—"MEBEG = (V, E)fI— 1 EHK, Kt (FEd) KM1hR, XETSEARnEaK’
FKHFE, FHREPNES—KOBPLITHFNENTH (FRAvertex cover)

VERTEX-COVER = {< G, K >: G has a vertex cover of size K} (6)

Proof: SGIERRVCENPEE, AREHEHAZHMAMLIERVCENPCEE

1. VERTEX-COVER € NP: #Z|—1" 2 Iz EMNEERIEVCia @
BEFET—Pr =< G, K >, &1V’ C ViEkcertificate y, MIGIFEER:
o MBETRMETNK, checkif |[V'| = K
o MBEREEBXBHBEV 'HMT R, Checkif foreach edge (u,v) € E.thatu € V' orv e V'
EREHNO(N?)
2. CLIQUE <p VERTEX-COVER: KCUQUEMIAZIVERTEX-COVER[a)# £
iEBA: G has clique of size K <= G has a vertex cover of size |V| — K
o RHM: Hik
o HEM: MBLHMEREDL—Tvertex coverfm, MEN, REBLEMLEES vertex coverblIMIRRT,
HEME— T T E

SRS ZRERNO(N?), ENEECHENGEEEHE—5 (18— ERSREER)
25
RX—EEXLERNE, FMUEAREEHBREZ—LHMSURNEM, THAH —LHERESHENEEA,
ERTIENE, TIEANP-completelt N EEXIEEERETNPRIZE, MNRAENPRIEMAAIET

1. ZIMXERE: If a problem can be solved by dynamic programming, it must be solved in polynomial time. (F)



REDSHKDBITEA ST BALZR, LHNE R

2. AEHIFEER: All the languages can be decided by a non-deterministic machine. (F)

2B T FETHIEES
APPROXIMATION
Introduction

BNAMBEEZERZIAERE, EIL#EEHREa-approximationiy, IANRERIAEZ IR B RIfER

Approximation Ratio

e Approximation Ratio: R —ME &M approcimation ratioam, MIANEEERASBERMENIME, TREEAX
HEE, WELNEENERERATLOTRMBNL/m; WRESIVLEL, WLUEENERZRRRTFBIRMEBNM

&
e «-approximation: approximation ratio = «
Approximation Scheme

e Approximation Scheme: MRH—FMEMUNEE, WMANNMIUZLEEISES, EIMI—M1EEe > 0, EEAMUFRIELSHR
ZER=EWHRE(1 + ¢)-approximationky

e PTAS: Polynomial-Time Approximation Scheme, HIAESHANEAER, HERERF]L/cFASTRELRE,
O(nf V) mEEETIESH (f(x)—ME—MBEY, HeismEOn S 2 ERE - 7)

* FPTAS: Fully Polynomial-Time Approximation Scheme, Ek1/cth2ZMAELRERN, EEZRENO((1/e)™n™)

PTASHIFPTASE IR FA], IEMEZINZETIERMERER, T—EREEERE

Bin Packing Problem

Introduction

BENMIGR, KIDRRS1, Se,..., SN, BO< S, <1, BREHNSITEISINEE (SMENANRI)
Online Solutions

ELEEMBEREN—ITR (THERIBZENTR) , BEHNUE, BZETHERE. ERFASIFTFS/3M (MAKRIMK
gk Tellal: Nigh )

1. Next Fit
AE—MIEREERENER, SXR—"TY6m, WRATUBGASERE, MEERKRAN; WRFT, MERTHE



void NextFit() {
read iteml;
while( read item2 ) {
if( item2 can be packed in the same bin as iteml )
place item2 in the bin;
else
create a new bin for item2;
iteml = item2;

AILAERR, RPMEERRARERBE2M — 1ME (RiRRitEE M)
Proof: RiE%, RIZERT2MME, SXIERRMBEATESTM — 117
SRR, AAENLERHREZBINRBMA THsITE, B1S; > 1 — Size_of(Current Bin), REItHBLE2MEAIAN—
EATF, BIgS(B;) BEiMbinfAN, HilE:
S(Bl) + S(Bz) >1
S(Bg) + S(B4) >1

S(Baar-1) + S(Bz;wj >1 (7)

2M
= S(B;)>M
=1

2. First Fit

XEENERBREN. EE—MEENEM L, S X2R—M5%, EREbIns, REEHNEEHE, WRFFEEAEEN
Fr#rbin

void FirstFit () {
while( read item ) {
scan for the first bin that is large enough for item;
if( found )
place item in that bin;
else
create a new bin for item;
}
}

REENERKRLTM, #EFMUEO(N log N ENBR (RN ARKE)
3. Best Fit: EIFEEMANBRIRT B &/, ERUKEIE)EZE Sfist fittEE
Offline Solution

BASRNBMETREN, AFRBEMENINUNBEMARITESR

First Fit Decreasing (Best Fit Decreasing) : 7EFFIABINFRBYIMAITHER, ARER st fit, ERFHRABE
11M/9 + 6/914%

Knapsack Problem
Introduction

1. 0-1Version: KE—TREAMNER, N MK, MIREEhw;, MNMEIP. WTFXMEOE, MRIIKAUENEES
AREMNETEL, SHERFATUZERARN



2. Fractional Version: EXThAR, BREM@METHFOHN, SMI@AINRT; L. EXFNRET, NENMEERSHER
MR OE R N EIRMAE

Solution to the 0-1 Version

1. Double Greedy: 2RAE L, PAIRAMERS (maximum profit) MMAMEEERS (orofit density) AR, AFEF
EENEME, EXENRET, FMFRIEapproximation ratio = 2 (A E{E2-approximation)

ERIX N double greedyMIBFEHECEM, PPTERABEMLERE
2. Proof: {RIZFIABANNERSHIMRNPmax, RMEN Porr, DEEANRAEN Prac

Pmax < PopT < Pprac
Pmax < Pouble_greedy (8)
Popt < Pprac < Pyouble_greedy T Pmax

= P, OPT < 2P double_greedy

3. DP Solution: 7£ZBIRIENSHILFBANRE T shiSHKIA—MA2, BN TG, WRIERE, WERANEERF AW — w;,
WEEFTEN1E) — ITTHRME; WRATERE, NWEBECHESER Iw, MREFTERIZ — ITHRMAER. T
HEHERERN(n+1) x (w+1)

X8, HIIBIN—FFshSHKIBE. W, = the minimum weight of a collection from {1, . .., ¢} with fotal profit
being exactly p. ZRIZEEERE THWESNE, NEZRAENETHNRREE., WYTE84EG, HNEHATDLEITR
R, GRIEEN, MWW, = wi + Wi1p p WRAR, MWW, , = W1, MRFTEAEMNEp, WLW;), = oo, H
I, BTSSRI @R

00, 1=20
Wip =< Wi_1p, pi>p (9)
min{W;_1p,w; + Wi_1,_p.}, otherwise

BT, (AUMI—EEIn, FpA MM —EEINDpmax (X MEEERANTH, BPPTEMEXASHE, Lt EREX
S pET) , EERERNO(N Pmax)

HPmax AR, MREETHE, FEENSREMABZIERT . Eit, HORA-AMEGNTGE, BAEMmIMERRRE
EERZ (EEAREBRLAL, XFFEAIIRN0, MAINNE, B TRAANENERTITHESR, SR, BEBRKT
AGI) o W, FATRAIMSE— LR

(1 + €)Pyg < P for any feasible solution P (10)

HrheRprecision parameter (A5EAI)

K -center Problem

Introduction

Input a set of n sites s1, . .. s,, select K centers C' so that the maximum distance from a site to the nearest center is
minimized. X\ —sitelIGI B, BEMESZSERIIK Mcenter (ESXK PeenterfIEEHC) |, 1RifsiteZlcenterty R ARE

BR/



o ()
S

@ center
B site

Solution
BRI EERERNEICEME, MAZINTEDL (ARRZ ELRRE)
dist(z,y) < dist(z, z) + dist(z, y) (11)

1. Traditional Greedy Solution: HE—FMENEER, BE—centerEREEEIFE—NcenterlEIR T, F=25/\Wths., A
BEENHS, RIESMEINM SELcovering radiusiB/ME R K

NG ERFNBEIMERRN., 1T, REBELENEFRER (WTEHE) , BAE—TEANRKERRE (AT
AE) , ARSEREBA-TREZRIEFE&), REFEAEDE, AEMEFARENEBEIEAR, XTEENBMERAT

K=2 K=2
] ]
LN | n n ]
i . T
- 1] ... L I..

2. BRERMKER, SRA2r AEZER: BIVSITEAL—T, BERNBELMERKBIT(CT) (RAEHEZ, BRME
centerFIRAEME) , HAATNIHE—MEME. ZEEFTMRIE2-approximation, BI#E|— P HEAFEZAiEL
2r(C*)McenterI&ER
BHEE, MER—SRREESNRFENcenter, HEFEN2rNE, HEEARNAERENAES; IEE

RIEEE, RMNHTMERABERMTA, BRIEAbInary searchiFAERTEN., SBEU—MEro, MRXD, BN
T =2rg; AKX, #BEMry = 1/2ro, RE#TEZLREN, NRNTFFHEZE, #HIEL/2(r0 +r1), NRERXNH
KK, FIEL/2r 302r . ALE2EHE

Centers_Greedy_ 2r( Sites S[], int n, int K, double r ) {
Sites S'[]1 = S[1; // s'BREAAEEENsiteIES
Centers C[] = empty_ set;
while( S'[] != empty set ) {
Select any s from S’ and add it to C;
Delete all s’ from S’ that are at dist( s’, s ) <= 2r;
}
if( |c| <= K )
return C;

else
ERROR(No set of K centers with covering radius at most r); // UIREIFRKTFLEEEE

REENR, HWRBWMANSRNFRER
}

EBR: ZEE—EREHEI—HRr(C) < 2r(C*)tR. BN, MREETEMK Ncenter, r = 2r(C*)EEMESR, N
BWMNRRMAERRIL



WFEE— M EAEFRERcenter, E—E#REifEcenter 8y, B, E—E5FcenterfNiEBEARBIEr*, £&R%
centerfEEBESNMAE R, SEEBRTARBEr . Ak, 5HiT%&ENcenterBEER—center' s, Scenter
HIEE—ERBE2r*

3. Wit SRERREMNScenter, BLEIRRE2r* ZIMUEE—RERT—center, AILAEIRIEE HalcenterRinhy e
R TF—"center, XFfhgiEHNRE2-approximationfl, TERNEBEHIFSHES

Centers_Greedy_ Kcenter( Sites S[], int n, int K ) {
Centers C[] = empty_ set;
Select any s from S and add it to C;
while( |C| < K ) {
Select s from S with maximum dist( s, C );
Add s it to C;
}

return C;

AILAIERR, FRIEP = NP, [N NMOBAEEp < 289 p-approximationfIim Az

TEBRBEE: WRAAIKE—N(2 — ¢)-approximationty &, MDOMINATING-SET/EZRR] LAE S X EARRR (B—1
NPCaJRR) ., BAWRE—TSHRNBAN, FIERMERHIRNEY, HEEBEEAN], EARK, FILIERE, DOMINATING-
SET ProblemB @@L BXEr(C*) =1, 42 > 2 —c =1 (ANMEESHNELE, FROEINEEDAR E— P
fi2, {BXE{Rifapproximation ratio/\F2, FELREENTT) , ENAMUEENTUR O & AR

=R

[ =
BEREZR=1"HHE

1. Optimality: Quality of a solution
2. Efficiency: Cost of computations

3. AllInstances: 33T A LEIFFEEEK
Optimality + All Instances: FIESLHI TERM, MEHENEE
Optimality + Efficiency: EREHAT, HEISEEERAER
Efficiency + All Instances: T{NE L

R, BMEP = NP, BAMLIERIEBRME EE="7H

R

1. Suppose ALG is an a-approximation algorithm for an optimization problem H whose approximation ratio is fight.
Then for every € > 0 there is no (o — €)-approximation algorithm for [ [ unless P = NP. (F)
ERFNEIERE, X MightfeIE T Mo, BIEZEE T XER™IENTE

2. INPABEAREER: As we know there is a 2-approximation algorithm for the Vertex Cover problem. Then we
must be able to obtain a 2-approximation algorithm for the Clique problem, since the Clique problem can be
polynomially reduced to the Vertex Cover problem. (F)
SARZHMAMATUMRIEERE, EIERIDEVEE., EAREDBENXEME, EVCEAL, 2-approximation&iE#)
fi#, 7EClique L2 1HE2-approximation?



REZBLERESR, EARNEASRNIE (RRERAV)) , BENEKEE (RRERNV,) 5 VCRENEIGEERF
F2Vy, BMERMAEIClique LREY — 2V), BATARIE< 1/2V;

LOCAL SEARCH 5%

Introduction

MTRZEE, BMEUELE—TE2BIRMNAE. ERIMBEEE—MER, RESRBETIMERRITRERLNE, EE
HIRSHNEH AL SRIEREZEFEF NI, HETE®Igradient descenttBE TR E] T —MRER

—LEEX

1. Local

o

Neighborhood: Define neighborhoods in the feasible set. TERI{TEARE X neighborhood

[e]

Local Optimal: The best solution in a neighborhood

o

S ~ 8’ §'is a neighboring solution of S. S’ BT LAZE SHIELRE _E VE/NBUHKE
N(S): Neighborhood of S. IMER TR NS HI%E, BH{S : S~ S'}
o F'S: Feasible Solution Set

o

2. Search : Start with a feasible solution and search a better one within the neighborhood. A local optimal is

achieved if no improvement is possible

Neighbor Relation

Hitk, Local SearchEERIARRAUM TR :

SolutionType Gradient descent() {
Start from a feasible solution S in FS; // FS:!: Feasible Solution Set
MinCost = cost( S );
while( true ) {

S’ = search( N(S) ); // #EIREMs"
CurrentCost = cost( S’ );
if ( CurrentCost < MinCost ) {
MinCost = CurrentCost;
S =8";
}
else
break;

}

return S;

Vertex Cover Problem
Introduction

BE—1TEEEG = (V,E), #ARTREININE, RIISKDHSHENERNSIEE. Given an undirected graph
G = (V, E). Find a minimum subset S of V such that for each edge (u, v) in E, either w orvin S.

o F'S: FABTIR



e cost(S): |S]

o S~ 8" BITREREASESAE|V|[Tneighbor, BAEXMSHHE—TRRAS', MSFRZE|V MRS

e Search: M\S = VFa, SXME—1 TS, HIBTEREMKIBRIEvertex cover
3 Cases

1. Local Sarch = R{EfE

WE|E| = 0, NiLocal SearchhIfgs 2 R1EfR

© o0
@)
. o - S=0Q ‘/ \/
O
2. 2MRES

NFTEXMSEG, MRPENRERER, SSBWEBRANER

o SREEXIV,

RER, FLLEERA

3. BMRESR

TERFNBAFER

i
Y

PEANEPEL—D, BEUFBTRLLER

W
>

ON XN NO)
| NONON )
006 O
ON NON )
® OO0 O
ON NON )
| _NON NO)

Improvement: The Metropolis Algorithm

RE—MRRERE, NERNBARERIERX, SAENMEE—TR (FEREFNTREFNR) , AREEES
BHRERHARS, BRREKBLTERER, HEZW

SolutionType Metropolis() {
Define constants k and T;
Start from a feasible solution S in FS
MinCost = cost( S );
while( true ) {
S’ = Randomly chosen from N(S); // PAERKEIZENS', PEEFEIE
CurrentCost = cost( S’ );
if( CurrentCost < MinCost ) { // WERXNFEEENNIFEL, FMFEA
MinCost = CurrentCost;
S =8";
}
else { // MRMBERNHZEEY, BRETHRE, WKL, NRTHREZ, INNHFTIEEERIFN
With a probability e * ( -delta cost / ( k * T ) ), let S = S’;
else

r

break;
}
}

return S;

/e
=1

BT,



Simulated Annealing #&HE X

MRHANBEHE—MEERRE S () ROV, BNBEf(2)2—NEOUTFHENLRE, BERETE, HERTBENE
18, EEB&/VERREE—EEE. EIBEHIIRME, TEERER2MFIRTAcostiIEII TR

EALL EERIMetropol &AM THEETE FAVEHTE N/, XIFER] IR EcostZ M B F>RAVEND, TR AREA— 15!
T ={T1,T>,...}, &Iz HNcooling schedule

Hopfield Neural Networks
Introduction

1. BENE: AE—TEG = (V,E), ST HEBRELIFMRTS, SE08E— MM Ew. (e = (u,v), w. TR
) , EEE w, |RRFTHEEFR SMstrength, MR—FBWHEN T REE, WABZIREN T RZUAE, LAEE
FIRZRFIER BRI E, ME—1T MR configurationi2&S, B8N T RNERDE, HERRARIE

ExtE, XTMEBAAERTHEN, BT Eﬁ)\v, MAFERRENDE

R, BENHEREARE—DEBIFHNE
2. BAHE
o Good: fIFiNe = (u, v)FHBWSyS, < 0, MFREHAgood
o Bad: weSySy > 0
o Safisfied: 75 fuffi & HHIgOODMIINEA T ETFLABIINED _ e (4.0) e WeSuSy < 0
o Stable: FiE T m#Bsatisfiediconfiguration, {EE— 1 MEEF1EstablefSconfiguration

State-flipping Algorithm

MEE—T KRR, FAsatisfiediI BN, FIIER, XMGER NERRSAHREIESR

ConfigType State flipping() {
Start from an arbitrary configuration S;
while( !IsStable( S ) ) {
u = GetUnsatisfied( S );
s u = -s_u;
}

return S;

}
iEBA: State-fipping BB ZEAW = 3., |w.| %

BNRE—DEHAP(S) = X, 15 good [We|» BHBRMNBE— TR, FiESHBENFHBERFY, FOBERFD,
M T EERIZ AR satisied, EIEIREFI—ESTHRA

o(8") = 2(5) - > [we| + > [we |

e:e=(u,v)€FE, e is bad e:e=(u,v)€E, e is good (]_2)
> &(S) +1

REHO < B(S) < Y, |we|, BEFRWELR, FUMEMSIINERAhRSETWIRER



Polynomial Algorithm?

22, BTEENERERETIWVH, FRZMAERE., JWFHEstableMEMEA, nHZMNERESlog WERENE
EERIE!

Maximum Cut Problem

Introduction

1. BENE: 4E—1TEEEG = (V,E), WHNEw A HERH., BEDRFAE, FFSEEODREMNSEA (&
W, HE—1T =M% EInode partition (A, B), it AN BiaiEsSaNESHRA)

wA,B = ¥ wa (13)
u€A, veB
2. MA
o nNER, mA, BARHRIVEN, SUUEHTHHELFR T, WEASARERIERNZEZ2IUERNFIAL
o HEMmREF

Local Search

e Feasible Solution Set F'S: F&partition (A, B)
o S~ 8" S'EIMERBAPNER—RIE B, s BPEE—RHE ABE

H1EM, ELXmME—"Hopfield Neural Networkf945 (+ 1T REMBNA, -1NTFTREMRB) , w.2HIE

State Flipping Algorithm

LA FMAX-CUT[alRERlocal search& A IHopfieldfENENTE—H ., EARXMEETERIEKIRZME, EJERE
£2-approximationiy

ConfigType State flipping() {
Start from an arbitrary configuration S;
while( !IsStable( S ) ) {
u = GetUnsatisfied( S );
s u = -s_u;
}

return S;

}
SEER: BiR(A*, BY)R2B&RMR, Mw(A, B) > 1/2w(A*, BY)

RN (A, B)2BH&fR, Fit, MFEE—mu € A, NRilsatisfied, MNELL. E@B (FS5HER) FLMNEN > MNE
Riti. E@A (FSER) PRHREN

Yu € A,Zwuv < Zw”” (14)

veEA veEB

BERBAu € AfnE:



2 Z wuvzzzwuv

{u,w}CA ucA ved
< Z Zwm, = w(A, B)
ucA veB (15)
w(A, B )< Y ww+ Y ww+w(4,B)
{u,w}CA {u,w}CB
< 2w(A, B)

EEIENE, MAX-CUTOBEFEEFHIIAMNEX

Improvement

R Hstate fippingEZR2IESTRANEN, I TRESEEGTHE, HEATBARNFEL, Only choose a node which,
when flipped, increase the cut value by at least

27€’w(A B) (16)

BAERTMRIEESA 2 (2 + €)-approximationtty, HIEERENO(n/elogW) (LEHBMEFARIE2e)

ISESEEN: RN

1. NeighborhoodZ 3k
o FEIMN: ARIETRBARKNEERM, neighborhood TEIZ /)
o FEITK: tRneighborhoodid X, ERIEFEIA, BEENERLE
2. Bi#t
o Single-flip — k-flip: SREBERL D HITEIEE, HRETSME. #ZRneighborhoodifiaZ RO (nk)

o K-L Heuristic: #1TnRiE4Msingle-flip, BEI(An, By) = (B, A) ($kkxsingle-fipfiE#&ERO(n — k + 1)
, FIRNEREMRE—TEEHIIKRM) . ERENO(n?), Neighborhood LR 2EnS hikiE—1 &ita,
E\”(Av B) = {(Ala Bl)> s (Anfl, anl)}

%II\\

1. Search Space: Local search algorithm can be used to solve lots of classic problems, such as SAT and IN-Queen
problems. Define the configuration of SAT to be X = vector of assignments of IN boolean variables, and that of
N-Queentobe Y = positions of the IN queens in each column. The sizes of the search spaces of SAT and N-
Queen are O(2N) and O(N), respectively. (F)

Search SpacetsMZFMAFIEE, WM ERNBRAIFEERHIIELE

2. BERIE B RM: Spanning Tree Problem. Given an undirected graph G = (V, E), where |V| = n and
|E| = m. Let F be the set of all spanning trees of G. Define d(u) to be the degree of a vertex u € V. Define
w(e) to be the weight of an edge e € E.

We have the following three variants of spanning tree problems:

©o Max Leaf Spanning Tree: find a spanning tree T' € F' with a maximum number of leaves.
o Minimum Spanning Tree: find a spanning tree T' € F with a minimum total weight of all the edges in T'.

o Minimum Degree Spanning Tree: find a spanning tree T' € F' such that its maximum degree of all the

vertices is the smallest.



For a pair of edges (e, e’) where e € T and e’ € (G — T') such that e belongs to the unique cycle of T'U €/,
we define edge-swap( e, e' ) tobe (T — e) Ue'.

Here is a local search algorithm:

T = any spanning tree in F;

while( there is an edge-swap( e, e' ) which reduces Cost( T ) ) {
T=T-¢e+ e';

}

return T;

Here cost(T) is the number of leaves in T in Max Leaf Spanning Tree; or is the total weight of T in Minimum
Spanning Tree; or else is the minimum degree of T in Minimum Degree Spanning Tree.

Which of the following statements is TRUE?

A. The local search always return an optimal solution for Max Leaf Spanning Tree

B. The local search always return an optimal solution for Minimum Spanning Tree

C. The local search always return an optimal solution for Minimum Degree Spanning Tree

D. For neither of the problems that this local search always return an optimal solution

N FBEAABAIES], BRFTEIENRS ~ S'BIMAARIN, ERCEF, S'HSER—FIDIAT], AFCHKEIRE]
Ao, EEEBA T REIEABZ EHRY .

BAMRE, EEMBERT, BREA—FOBARILERNE/), EERETRIEEBRNRETEERN, TERE—|EE
SR/ NI ERe”, MR BHRNZ 2T BREE RN Ne, NESE—SHMAMNAe Bike, RIXAMIL; MR
" BN E 2 S BERNNe, Ble' RMEEMRME), Ble’ > e (Ri&ene' Bidamin) , FAESE SR AEE
Re'&ifke, RHFE

3. Max-cutfg&i# : Given an undirected graph G = (V, E) with positive integer edge weights w,, find a node
partition (A, B) such that w(A, B), the total weight of edges crossing the cut, is maximized. Let us define Sr be
the neighbor of S such that S’ can be obtained from S by moving one node from A to B, or one from B to A.
We only choose a node which, when flipped, increases the cut value by at least w(A, B)/|V|. Then which of
the following is frue?

A. Upon the termination of the algorithm, the algorithm returns a cut (A, B) so that 2.5w(A, B) > w(A*, B*),
where (A*, B*) is an optimal partition.

B. The algorithm terminates after at most O(log |V'| log W) flips, where W is the total weight of edges.
C. Upon the termination of the algorithm, the algorithm returns a cut (A, B) so that 2w(A, B) > w(A*, B*).
D. The algorithm terminates after at most O(|V|?) flips.

R ERIUIHSERE SR, KIEMMAIEL

RANDOMIZED ALGORITHMS BEHLE %

Introduction

EX



Bt S 24 EiE EMdeterministic algorithm, randomized algorithmZBH—NERMEMNER, EXELEKIIRMEE,
tHIEAE— TR MEBZEMELE, MeERE—MERAMENRMBENAEERE (HEXdeterministicEAERI AN
randomized & AR —FEE R IR 429 1HI4F5AIE )

1. Pr[A]: St AREMER
2. A: Zk Atcomplementary, BIATRE 4R

Pr[A] + Pr[A] =1 (17)
3. E[X]: mtze Xeome
E[X] =) j Pr[X =] (18)
j=0

Hiring Problem

Introduction

FRERE—TA, —HNUERE, 8XEE—B, BRFENRENRC;, BRARENRERC), (C; < C), B, ZEHEHIXMK
xC;) . BNFERBRENALE, HRAIBEMREFH

HFEANEMGEE, BIFHRERE, TERRRANEE, EETEHANO(F(N))BLEBERENERNE, Al
SEEATHORT 8]

Naive Solution

1. Introduction: ZEEIXZAHNTEREEAENES, BERX—ER—TELEE. RERNBEMEETARE—E,
—BHEILE Z R AR (R

int Hiring( Event Type C[], int N) {
int Best = 0;
int Best_Q = the quality of candidate 0;
for( int i = 1; i <= N; i++) {
Q0 i = interview[i];
if( Q9 i > Best Q0 ) {
Best 0 = Q i;
Best = i;
hire( i );
}
}

return Best;

}

2. Worst Case: SIFERMBRZEANENFARFHT, LHEPABEEZRA—E, FENFHNIONCY)
3. Average Cost: ZBIEEMNBE, HMNFBEXHBMINIAN, ZHNORE, PriX]|RE+E, B, BIENTE
X:
X, = {1 if candidate ¢ is hired

0 if candidate 7 is not hired

N (19)
=X=) X;
i=1



gk, PrX; = 1SARTEMREARBEOEE < SfEEAENIAREEAN, BNRIAF—EE—1 28
Aty, MEAMNEESCE, B, Pr[X; =1 =1/i

::EQZXJZE:%

i=1 i=1

N-+1 1 N 1 (20)
€ ( / —di, / —,di)
1 ? o ?

=InN+0O(1)
Ritt, F#ERIO(ChIn N + NC;)
Randomized Algorithm

MENEEMZBINEMEAERR LRBEAXS, REEFEINSREARNITELT . X—SRBINEITHE, BrERRA
NREAFFHIISHRAEIK, BRIER, XMRETEILFIERETEEY, UAEILIERETER, BANIRRERE
(EEnS|

int Hiring( Event Type C[], int N) {
int Best = 0;
int Best_Q = the quality of candidate 0;

randomly permute the list of candidates; // FBEHITELIEIEAMINZ

for( int i = 1; i <= N; i++) {
Q0 i = interview[i];
if( 9 i > Best Q0 ) {
Best 0 = Q i;
Best = 1i;
hire( i );
}
}

return Best;

Randomized Permutation Algorithm FEHlFTELE %

LB IR A EBREHL A B — BB Erandom priority Pli], AEHIE

void Permute By Sorting( Elem Type A[], int N ) {
for( int i = 0; i <= N; i++ ) {
A[i].P =1 + rand() % ( N *~ 3 );
Sort A, use P as sort keys;
}
}

Hire Only Once

ZHNENREOE, EESAEN—SBOENMNEER, TESEFEER. RAEHITERE, REBIEZANRXEFHNMIETR
HER

int Online_Hiring( Event Type C[], int N, int k ) {
int Best = N;
int Best Q = -infty;
for( int i = 1; i <= k; i++ ) {
Q0 i = interview[i];



if( 9 i > Best Q)
Best_Q = Q;
}
for( int i = k + 1; i <= N; i++ ) {
Q0 i = interview[i];
if( Q i > Best Q ) {
Best = 1i;
break;
}
}

return Best;

}

MAENEEZ, BONUEHEEL IhEPSMEEANBRER? RIRS; REBUHREARMR, K5
Pr[S;] = {A := the best one is at position ¢} N { B := no one at positions [k + 1,7 — 1] are hired} (21)

SEBE, BHANBREEMIN, Hef, BERTFME + 150 — IR EHEE M RRANEAL, S — IhRANE
kA, B — I PRBATE— A — IMIETENT, MRNFZEHIELTOEI S, E-Pr[B] = k/(i — 1)

Pr[S;] = Pr[AN B]
[

= Pr[A] - Pr[B|
g1
i:k+1N i1
R @
Nz:ki
c kl N kl N -1
N'E N k-1

Randomized Quicksort

Introduction

EIFi— TR, SRiE—pivot, FFMBMSELLE; #TFET. worst-caseNO(N?), average-casenO(Nlog N) ({8
REMIMAFSER S TEEN)

EEPPTEX—EHIEES AR, FNRSRBEIMDEHNRAS, SINMENREERFIEGPPIIIRNS B
REMEE: SREENERE—pivot
Analysis

SFIRHE, WNEEFERERR (BRETHR, FANARLEMBIERIRE, MLERRASEpivolIEthTRERE, BREIEDR,
MWRMTTTERPIVOID T, MENMBRZRELR)

RIEERIEENpivot, AIMEE —BI—XEEN, BIIE—TEZNUE, MEHR—TpivotD MBI TR RELR;
BIEZXMH, FR—TTRNEAZFEFZRELR, XEHRLSHNERZRELR

Riga1 < az < -+ < an, WarMag RELLBRRA (HAENFERETIMTE, BHIIREN, —ESEEM
FEE—MERpivot) |, a1fla, RELCROEER2/n (HEXE—FRIEET o1 T, MR RELR, RERETHEE
B—TaR, aifla,Ma®ot)

B, a;Ma#KEEBREEERA:



2

Pr[a; and a; are compared] = i1

Ett, EEBOREAOFREAS -

N N 9
E[compare| = Z Z P

(24)

A, FENEENESEENBNNEERER M, HRO(N log N)

=1

1. i Leta= (al, A2y ey Qjy ey Qjyen ,an) denote the list of elements we want to sort. In the quicksort
algorithm, if the pivot is selected uniformly at random. Then any two elements get compared at most once and
the probability of a; and a; being compared is 2/(j — i + 1) for j > 4, given that a; or a; is selected as the
pivot. (F)

RtFIaRBFR, HEIE

PARALLEL ALGORITHMS H{Tit&E

Introduction
Machine Parallelism H4Ti+E4H],
HITIHENBETHITITE . FUKENBKIESI, BXE2E G LN, F2ADSEITICHAS

Parallel Algorithms Analysis H1T8ED

e PRAM

e Work-depth Measurement

PRAM

Introduction

Parallel Random Access Machine, IARIE. 5. itE#E—T8BMUMNE, AZEER (E5) fitENIEZER



Unit time access
(read/write/
computation)

Resolving Access Conflicts
AL, BREEoTEREIEREE, BAE— 1
MREERMNEFENE, SAEHFR, BUT=F@ERAHZR:
e EREW: Exclusive-Read Exclusive-Write, FEERIRTIE, thABERINTS
e CREW: Concurrent-Read Exclusive-Write, R#AFEIRHE, TEERENS
e CRCW: EZFRENEIA, ARSI REFEF—DETE, EREAM, BN T=F#H0:
1. Arbitraty Rule: F&%&—1
2. Priority Rule: i&3F T ins/NOETZNIT
3. Common Rule: MRFIEHFEHERENAS, EITHHMAFEANRT
Work-depth Measurement

—HMIE A, (NERHATEENNworkildepth, BiAdESESummation Problemf D HERSD . REARE TR DTE
RYRAZXF A

e Work: W = T}, the total amount of unit-time operations required to complete this algorithm, BNEES 4T
FREERRTE, thMENPINTRE

e Depth: D =T, the length of the longest chain of sequential dependencies. FH1TEEMEBENRERE (thHt
=S, RARXRFAEHIT, DIRLEINFH)

Summation Problem

Introduction

BE—TFIIA(L), A(2),...,A(n), KD | A(i). BERIE, MBBn HIER, NMRARAHTHLE, EREER
20(n)

Parallel Solution

T, BAMB—R-XINEN, SitEAMMTRRIINA, #YFm L



B(0,1) B(0,2) B(03) B(0,4) B(0,5 B(0,6) B(0,7) B(0,8)

B(h,i) = B(h—1,2i — 1) + B(h — 1,2i)

for( i = 1; i <= n; i++ ) // pardo (parallel-do)
B[O][i] = A[i];

for( h = 0; h <= log( n ); h++ )
for( i =1; i <=n / (2 ~ h); i++ ) // pardo
B[h][i] = B[h - 1][2 * 1 - 1] + B[h - 1][2 * i];

return B[log n][1l];

MRBAVE ZTARIER (
BirgEsE (p=1) ,

i

p>4
=55

(25)

), WZEENES—BHUEE— T RAMNE, BNERENT)>4 = O(logn); BMER

MRS T RHB— MR, BEERENT = O(n)

B2, MRENEZRGEEPTHERET,NE?

Work-depth Measurement

w

—<T,

P
T, <

w

RBBA — A AL PRES A TR 2R

— +D WACHRER L T AT TPATIMES ), R A DyesE ;

p

w
HALTRES AT P AL PR IR SRR, I 1] Hy r HLE

#Esummation problems, W = O(n), D = O(logn), Eit, FHM1A:

Prefix-Sums

Introduction

n n
O(—)<T,<O(— +logn
(p) P (p gn)

BA—TFIIA(L), A(2), .., A(n), BB, A®D), 0, A®), -, iy AD)

Solution

1. BEELEITEM: #4TSummation Problem&i% (BRI RIEHDB)



B(0,1) B(0,2) B(0,3) B(04) B(0,5) B(0,6) B(0,7) B(0,8)

2. B THEMB(0, 1) B N1 SFEEENBEH FUMA: ERENC, C(h,i) = X0, A(k). where (0,a) is

the rightmost decendant leaf of node (h, 7).

B B@3,1) @ C@3,1

N\_ca4)

B4 17

(oK = ¥ Ul R ER
URAHT, EMETHNA

C
B(0,1) B(0,2) B(0,3) B(0,4) B(0,5) B(0,6) B(0,7) B(0,8)
SFFC(h,i), BMTLEL:
B(h, 1) ifi=1
Cihi) = J O+ 1,3/2) if %2 = 0
" YC(h+1,(i —1)/2) + B(h,i) else

EMB—BNCELARET—EBNC, BEAETZENB, EEETE—RMERRITELERN, BUrTUHITLE

‘ ERCHEIREAELAERER, EEIRERBEBEN, HFEEGTERERFIERN

for( i = 1; i <= n; i++ ) // pardo
B[O][i] = A[i];
for( h = 0; h <= log( n ); h++ )
for( i =1; i <=n / (2 ~ h); h++ ) // pardo
B[h][i] = B[h - 1][2 * i - 1] + B[h - 1][2 * i];

// 1&fTSummation Problem

for( h = log( n ); h >= 0; h--)
Clh][1] = B[h][1];
for( i =2; i<=n/ (2 " h)) { // pardo
if( i %2 ==0)
Clh][i] = C[h + 1][i / 2];
else
Clh][i] = C[h = 1][(i - 1) / 2] + B[h][i];
}
for( i = 1; i <= n; i++ )
cout << C[O][i] << " ";

WDZ

D = O(logn)
W = 0O(n)

Merging

Introduction

. 2
LRI AR A IR, (28)
A HAL T AR A2 o 5 EHL A N

(29)



BHMMFHTINFEIAR|FB[m], KIBFAFE. ATELEE, ENTAE:

1. AN BRI TEMfAEAE
2. m=n

3. logn#n/ log n#P2EEN

Solution

BRIRHRNEZLMET AFS— M REBFNMUE, UEBHES—IWEAFNMUE, IMAINEHEESHERFICHNUE (
BEXEXRZIRIATEMNFTR)

SRANK(j, A) = kRRABLEB() MITENY, e, MBEB()ENA, HSENEA(K)MA(k+ 1)2iE, 4
I, BRI E A FB(j)ECHIIE

C(i + RANK(G, B)) = A(i)

C(j + RANK(j, 4)) = B(j) (30)

Hih, HEMNOESEARKRATBHFE—THRANK, XthAE, REEE—PFIFNE— M HBES— T FIHPMH—K
Binary Searchfi A, TELEEFTMERANKIGE

1. **Solution1: Binary Search

for( i = 1; i <= n; i++ ) {
RANK_B[i] = BS( A[i], B );
RANK A[i] = BS( B[i], A );
}

EABTTROEREREALMN, FAURIMATHE, MRLEREZ, JURNERS TR

D = O(logn)
1
W = O(nlogn) (31)
2. Solution2: Serial Ranking
MEREE—H, BRMLEBRANBRYFINTER, BENWITEHEK
i=3=0;
while( i <= n || j <=m ) {
if( A[i + 1] < B[j + 11 )
RANK B[++i] = j;
else
RANK_A[++]j] = i;
}
RPBEETEHTAE, ARiHjEXERFEMERN, TREMIAMENERHTHIT, Eit
W =D =0(n+m) (32)

RMHMIRSRLERDN, B PRFNEERAIELEHTLHETIR

3. Solution3: Parallel Ranking

TCEMIRANK—EMEM T2 El RAIRANK Z 8]
o Stagel: Partitioning

Slog niEE—19 8=, WMEHRANK, N—iktp = n/lognt s



A_Select(i) = A(1+ (i — 1) logn)

B_Select(z) = B(1+ (¢ — 1) logn) (33)
Al4le]8]9|16]17]18]19]20]21]23]25[27]29]31]32]
Bl1]2]3]5[7[10]11]12]13]14]15]|22]24]26]28]30]

DI Zai—#¥, KIBRRTRZRNEGE; WAR, BATEAFTERZMETR, REEpTENF
D = O(logn)
W = O(plogn) = O(n) (34)

o Stage2: Actual Ranking

Ep B BMEENMerge

A[4]6]8]9[16]17]18({19]20]21]23(25]27]29(31[32

B|1[2[3]|5]7]10J11{12]13]14]|15(22(24]26)28]30

—H2p&4%, BA. BZESR2p MY, ETMBHITRBIEO(logn) (AAERlog nihARAE—KE) .
Itt, DRIWH] E—&—#

SE, BT —TREMTIBEENEREEZMBNEE
W~ Olpioen) — O %)
Maximum Finding
[EFRER, MEKE—TFIIPRANE
Solution1: Summation Algorithm
RBEER ZAIRKRAE PR+ 200 "max”“BIR], B NI REMIFLEITEAE, DAWIIARIE

D = O(logn)
W = O(n) (36)

Solution2: LEBEERD

B¥FFE, BFEMTEHHITLER, REHIMRRATEEAN, RERAFERLIKEINERT., XIHFSAZRSW, EEASL
BHEEIRIIAY, FIMDEEHRHIRY

for( i = 1; i <= n; i++ ) // pardo
B[i] = 0;
for( i = 1; i <= n; i++ ) // pardo
for( j =1+ 1; j <= n; j++ ) { // pardo
if( A[i] <= A[]])

B[i] = 1;
else
B[j] = 1;

}
for( i = 1; i <= n; i++ )
if( B[i] = 0 )
return A[i];



o(1)
37
BREE—MoE AN, TNERALEARDENRERN, SWEDREE T IEZHNTEERE?
Solution3: A Doubly-logarithmic Algorithm
FriB#doubly-logarithmic, 3EMEREENERENR = loglogn (Bitn = 2%")
1. Partition by /n: #ZERH/n#THA, D(n) = O(loglogn), W(n) = O(nloglogn)
M; = max{A(1), A(2),..., A(vn)} = D(vVn),W(vn)
Mz = max{A(1++v/n),..., A(2v/n)} = D(vn),W(vn) (38)
M s = max{A(n — vn+1),...,A(n)} = D(+/n),W(+/n)
ARBEERASOIUoN2EIARRMNEE, My/n Mt SARID
Amax = max{M;,Ms,...,M ;} = D=0(1),W=0(n")=0(n) (39)
Hitt, @
D(n) < D(vn)+0(1) (1)
= D(n) = O(loglogn) (40)
W(n) <D(vn)+0(1)  (2)
W(n) = O(nloglogn)
2. Partition by h = loglog n: ¥partitioniS &k Hloglogn, D(n) = O(loglogn), W(n) = O(n)
M; = max{A(1), A(2),...,A(h)} = O(h)
My = max{A(1+h),...,A(2h)} = O(h) (41)

Mo .:”max{A(n —h+1),...,A(n)} :> O(h)

RiE—$ A3 RBpartition by /ni75ELIN

Amax = max{Mi, My, ..., M} = D = O(loglog%),W: O(%loglog%) (42)
EtEWHIDA -
D(n) = O(h + loglog 2) = O(loglogn)
n n g n (43)
W(n) = O(h- — + —loglog —) = O(n)
h h h
Solution4: Random Sampling
ECRCW PRAM (Current Read, Current Write; Parallel Random Access Machine) &, X PNEERE KZER AT ST
D =0(1). W =0(n), BER—E2ERK
1.k EARRENEEN SO TE (NRERT EEMRIERET, FENEENERYE)
D =0(1),W = O(n"/8) (44)

2. n'85@: gAKNIANYE, Ri—#Hn"/8 0t/ = n¥/tg



A: n elements

l random
n8|pn18( B: n?/8 elements of A nl8
S
n34 blocks
3. BIFEHREEE: 93’ P BHMEAE
D=0(1),W= O(n:‘/4 X (n1/8)2) = O(n) (45)

4 nVi9E: W E—SRRNNY M RERRN DE, —#n! PR

B: n34 MO elements of A

—~
n12 blocks

5. B SRR/ S MBS AN
D =0(1),W = 0(n'? x (n"/*)?) = O(n) (46)
B, BAEESED = O(1). W = O(n)f, (BETESANRKRRFE—TFHEEROIN /SN TED, ERE
EEHTT—%, SIEEEINERIAKRTH

6. ME: ERRNFIIPER, NRRAATFT ZAKENERBME HEAMOTREDHLR, BARBERIIEARNFA
U, n AR REEATM) |, mEHEKENSuEsn (EESR—) , RABEMET

EXF, MRESTE, XMIRIERRENTRENR, SHERELH., BEEATEE—BATRNBEREIL/n°

EXTERNAL SORTING

Introduction

BRIRFAVEEST ar11 , MRAEiInternal memorydh, EXERO0(1); BR, #diskdh, EERXHNMT=H (XRE2—NEH
BiRiE, ARERMARNESHMmS, Bldevice-dependent) :

1. Find a Track: %ZI3h&

2. Find the Sector: %Xk
3. Find ari] and Transmit: %% a[i] FEHLBENEIZL

NTBRRETHE) ari) FREERIMTH, FMNEBHIFRAZE{LIMerge sorthy B

Merge External Sort

—LEEX
e Run: —AHFHNHMFME—Nrun (EtthEmergeryeafy) , BTLAIERZH “have already run”
e Pass: J§k - ¢/ run mergepic N unfgiIiE R A — P pass, B SEE, FE3HN EN—E

* Tape: ¥EEFfEtEtaped . ERVRIENFMEE—Tape, EAETNEEEDHFES MapeZ AJUSEI

e M Records: The internal memory can handle M records at a time. X2 EREEN—PMAE, RRNEBFEHE—R
BSEINEUE

o k-way Merge: E2AEIBEDNEA, mergeftEkPrungH—



EhthR: 2-way Merge

Suppose that the internal memory can handle M = 3 records atf a time.

(O 14115611235 17199 28 58131 751 1]

1. Run Construction: ERNWEEFHE—RHES REELEINEUE, FIARNSEREUEI DN —A#ToE (BRUEZSHERESNA—
48, X#¥run construction G REEF)

w [T DOEIGHDCIE
construction T3 mm

2. Merge: BTLMT38F13 M merge, AT (ARTFHEREBETEHNTAT3HT, FNUAINES) ; B3
4~otEmerge, MATy; ABERKER THISKEIT I &E (mergefIEREMRAMET AT, H)

{ LU 11112135[81194/96 [ 15
T, EENNEIEE
DAl ::
RER 11)12]17/28]35141/58175]81194/96]99 |
Ts E Number of passes = 1+3
1+[log,(N/ M)]

ZEpassk MR, run constructiont8HF—"pass, ETFRERBE/LSmerge, —HNMK, MA—4A, Ftt—HN/MA
FEmerge, i RmergefPitALURE, Bt—HREL + [log,(N/M]) " pass

Number of passes = 1 + [log,(N/M)] (47)
k-way Merge
passkI MR 1 + [logy,(N/M)], BEE2kMape

(O 1196/ 12/35 17,99 28 | 54175 | 15

T, MMEIMEE)

T;

LV 17128(99

LV 11/12117]28135]81(94/96(99 |
Ts

Number of passes = 1+ [log, (N /M)]

Use 3 Tapes for a 2-way Merget
B S HINESEALNEEZE, PR TEE apelI ™

1. Sl



FIE T T3 £8merged T

1, AT

T, T

RERT PH—FEHHE

1, AT

T, T
T, T

T, T
(PR 8runs
passHIER—, F21 + [log,(N/M)]|, copyBEMNMEN:
[log,,(N/M)] -1 (48)

1 + 6 passes + 5 copies

Bimergef)RER— (RARE—REETH, FHECopPY)

. — 1 EREBMAE: Split Unevenly

BT REBERBZETI D RTH T3 (RIERIFZ D & ] AR 2 & 1EN)
T, T
. I
] 13runs |

TyRA7T, BTLEEN3 ™M uns5T368H#, ST, WHT3ETE, THxEF8D
A s —
| ToEE ]

Ty | |

BTRTAHENTs, TEHY, ToFA
T | |5 runs [
T, | | |

] 8runs

BOATEHENT,, ThEH3D, T1%M
T, | I I

T

DAL
XM AERIEpossTEZ, RRNBLEERBE, split unevenly2¥EEBRZE TH, —HE] + 7 poss, BREFEL + 11
tape (BRBIELE)



Buffers for Parallel Operation

Sort a file containing 3250 records, using a computer with an internal memory capable of sorting at most 750 records.
The input file has a block length of 250 records.
o TWMFHI: X250 TEIITHIF, WERLMIESRRZ4IE750%, block lengthE—/Kifkizrecordrd ™M —HE
3250/250 = 13-, run constructionBd750/250 = 3 MR —run
e Buffer: EEXIGHTLE, ERERMES, REHITEHIIEA

MRBEMIRF3Mblockibuffer, MEF2PMAENput buffer, 1 MNAfEoutput buffer

T, HINNEENEEREENE
Internal memory .. .

input  output
buffers buffer

{ T. HHNEREE
T; HIHNEEN

Runs

e MT LT3 B #E 1 MolockEinput bufferd

T, NN EENEENE
Internal memory .. .

input  output
buffers buffer

{ . FENEENE
T, NN

Runs

RIETtinput bufferf A Molocki#iTmerge, 5 Aoutput bufferd

T, I EEEEENE

Internal memory ||[il [

input  output
buffers buffer

{ . INNEENE
T, I

Runs

It Rfoutput bufferEi%, FEEEHEIT, . BE Hitoutput bufferfgEE N, Eittmergef@lt, THETMHITHR, T2BEE
L Zoutput bufferE 527 gEdtEmerge

BE, MR bufferdfii A—&, ®albAitoutput bufferEii— N blockitEH, HERIEEE—1"ERMblockEBTFEN,
ALt, ATHRIEHTHNT, BINBE2EDinput buffer (8—1TB—1, —®HBELD, KEBERIEHT) M2 output
buffer (E5#H—1TRIEZE—)



TR, kTR HABIFHN, ERHLERBIONEER, FNURERE

Longer Run: Replacement Selection

RN THRBELKMNUN, FEfilEnternal memoryh REARBEHMN—E#THIRNAR (BAXESRREERE— N KERER
Mugrun, MEMNFEEIUEK) , MBBEZTA—MIMEY, BRdelete min, MEIHFIUNIRE, FIENT—MEG W
EmintbrunfRE—1EU), BREFEEPLEunNRE— T T2 AN/ TR, BRIFMETRIBLEUnFRRE—TTTREANLE
(FEEBRL, BE—T TEXMIFMAEIERET)

81194/11196/12135]17/99 28|58 4117515 JI81194 1119612 135(17/99 2858141175115
11 81

Xl E 94 [N 96
1] 11]81
81194111/96/12/35]17199128158 417515 S 81194]11196 12 135(17199 28 5841175 15!
94
X B
11/81/94 1181194196
81194/11/96]12/35117/99]28(58[4117515 R 81194 11196 /12(35]17199 28|58 41[75 15

118119419 111819419
(EFREIMUMIE— TR LNTERT, Bike—17)

ST HPEARABEFN, KEERIR, —REIFIE

Minimize the Merge Time

fBigrun constructionfSZI 740 run, KESFIH2. 4. 5f15, WEEENZEMerge &/ MEET B RLA?

MERKEN (BXEENEM LN, &7, RREFMAN)




gll\\

X—EBNESENRIFLERSE, TaZTAXZHORIEE, REREACTIEEEE. FINE—ERAEECTHEIT.
Replacement Selection@ZERMNER, BEXXLEERE EEMNASE.

1.

passit&: Given 100,000,000 records of 256 bytes each, and the size of the internal memory is 128MB. If simple 2-
way merges are used, how many passes do we have to do?

A.10 B.9C.8D.7
8%, BNEETEUniIA/N, BAREREFE—£E128MB, 8T record 52568, Et—Trung&f
128 x 2%20/256 = 219record, AREZEAR BIST +1)

Pass = 1 + [log,(10%/2)] =9 (49)
X EMEIME: In external sorting, suppose we have 5 runs of lengths 2, 8, 9, 5, and 3, respectively. Which of the
following merging orders can obtain the minimum merge fime?

A. merge runs of lengths 2 and 3 to obtain Run#1; merge Run#1 with the one of length 5 to obtain Run#2; merge
Run#2 with the one of length 8 to obtain Run#3; merge Run#3 with the one of length 9

B. merge runs of lengths 2 and 3 to obtain Run#1; merge Run#1 with the one of length 5 to obtain Run#2; merge
runs of lengths 8 and 9 to obtain Run#3; merge Run#2 and Run#3

C. merge runs of lengths 2 and 3 to obtain Run#1; merge runs of lengths 5 and 8 to obtain Run#2; merge Run#1
and Run#2 to obtain Run#3; merge Run#3 with the one of length 9

D. merge runs of lengths 2 and 3 to obtain Run#1; merge runs of lengths 5 and 8 to obtain Run#2; merge Run#2
with the one of length 9 to obtain Run#3; merge Run#1 and Run#3

BHERRREMNIMELRE, EREEFRE, IEET
Replacement Selection:

Suppose we have the infernal memory that can handle 12 numbers at a time, and the following two runs on the
tapes:

Run1:1,3,5,7,8,9,10,12
Run2:2,4,6,15,20, 25,30, 32

Use 2-way merge with 4 input buffers and 2 output buffers for parallel operations. Which of the following three

operations are NOT done in parallel?

A. 1 and 2 are written onto the third tape; 3 and 4 are merged into an output buffer; 6 and 15 are read into an
input buffer

B. 3 and 4 are written onto the third tape; 5 and 6 are merged into an output buffer; 8 and 9 are read info an
input buffer

C. 5 and 6 are written onto the third fape; 7 and 8 are merged into an output buffer; 20 and 25 are read info an
input buffer

D. 7 and 8 are written onto the third tape; 9 and 15 are merged into an output buffer; 10 and 12 are read into
an input buffer

BEERERE!
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